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============

We consider time-homogeneous stochastic differential equations (SDEs) of the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} dX_t=\mu (X_t) dt + \sigma (X_t) dW_t\,, \quad X_0=x\,, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma : {\mathbb {R}}^d \longrightarrow {\mathbb {R}}^{d \times d}$$\end{document}$ is the diffusion coefficient.

The Euler--Maruyama approximation with step-size $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} X^\delta _t=x+\int _0^t \mu (X^\delta _{\underline{s}}) ds + \int _0^t \sigma (X^\delta _{\underline{s}}) dW_s\,, \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} X^\delta _{t+\delta }=X^\delta _{t}+\mu (X^\delta _{t}) \delta + \sigma (X^\delta _{t}) (W_{t+\delta }-W_{t})\,. \end{aligned}$$\end{document}$$For $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu ,\sigma $$\end{document}$ Lipschitz, Itô \[[@CR9]\] proved existence and uniqueness of the solution of ([1](#Equ1){ref-type=""}). In this case the Euler--Maruyama method ([2](#Equ2){ref-type=""}) converges with strong order 1 / 2 to the true solution, see \[[@CR12], Theorem 10.2.2\]. Higher order algorithms exist, but require stronger conditions on the coefficients.

In applications, frequently SDEs with less regular coefficients appear. For example in stochastic control theory, whenever the optimal control is of bang--bang type, meaning that the strategy is of the form $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{S}\subseteq {\mathbb {R}}^d$$\end{document}$, the drift of the controlled dynamical system is discontinuous. Furthermore, there are models which involve only noisy observations of a signal that has to be filtered. After applying filtering theory the diffusion coefficient typically is degenerate in the sense that $\documentclass[12pt]{minimal}
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                \begin{document}$$x,v\in {\mathbb {R}}^d$$\end{document}$. This motivates the study of SDEs with these kind of irregularities in the coefficients.
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                \begin{document}$$\sigma $$\end{document}$ is bounded, Lipschitz, and uniformly non-degenerate, i.e. if there exists a constant $\documentclass[12pt]{minimal}
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                \begin{document}$$c_0>0$$\end{document}$ such that for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\Vert \sigma (x)^\top v\Vert \ge c_0 \Vert v\Vert $$\end{document}$, Zvonkin \[[@CR29]\] and Veretennikov \[[@CR25], [@CR26]\] prove existence and uniqueness of a solution. Veretennikov \[[@CR27]\] extends these results by allowing a part of the diffusion to be degenerate.

In \[[@CR16]\] existence and uniqueness of a solution for the case where the drift is discontinuous at a hyperplane, or a special hypersurface and where the diffusion coefficient is degenerate is proven, and in \[[@CR23]\] it is shown how these results extend to the non-homogeneous case.

Currently, research on numerical methods for SDEs with irregular coefficients is highly active. Hutzenthaler et al. \[[@CR8]\] introduce the tamed Euler--Maruyama scheme and prove strong order 1 / 2 convergence for SDEs with continuously differentiable and polynomially growing drift that satisfy a one-sided Lipschitz condition. Sabanis \[[@CR22]\] proves strong convergence of the tamed Euler--Maruyama scheme from a different perspective and also considers the case of locally Lipschitz diffusion coefficient. Gyöngy \[[@CR4]\] proves almost sure convergence of the Euler--Maruyama scheme for the case where the drift satisfies a monotonicity condition.

Halidias and Kloeden \[[@CR7]\] show that the Euler--Maruyama scheme converges strongly for SDEs with a discontinuous monotone drift coefficient. Kohatsu-Higa et al. \[[@CR13]\] show weak convergence with rates smaller than 1 of a method where they first regularize the discontinuous drift and then apply the Euler--Maruyama scheme. Étoré and Martinez \[[@CR1], [@CR2]\] introduce an exact simulation algorithm for one-dimensional SDEs with a drift coefficient which is discontinuous in one point, but differentiable everywhere else. For one-dimensional SDEs with piecewise Lipschitz drift and possibly degenerate diffusion coefficient, in \[[@CR14]\] an existence and uniqueness result is proven, and a numerical method, which is based on applying the Euler--Maruyama scheme to a transformation of ([1](#Equ1){ref-type=""}), is presented. This method converges with strong order 1 / 2. In \[[@CR15]\] a (non-trivial) extension of the method is introduced, which converges with strong order 1 / 2 also in the multidimensional case. The paper also contains an existence and uniqueness result for the multidimensional setting under more general conditions than, e.g., the ones stated in \[[@CR16]\].

The method introduced in \[[@CR15]\] is the first numerical method that is proven to converge with positive strong rate for multidimensional SDEs with discontinuous drift and degenerate diffusion coefficient. It requires application of a transformation and its numerical inverse in each step, which makes the method rather slow in practice. Furthermore, the method requires specific inputs about the geometry of the discontinuity of the drift to calculate this transformation. This is a drawback, if, e.g., the method shall be applied for solving control problems, since the control is usually not explicitly known. So a method is preferred that can deal with the discontinuities in the drift automatically.

First results in this direction are contained in a series of papers by Ngo and Taguchi. In \[[@CR21]\] they show convergence of order up to 1 / 4 of the Euler--Maruyama method for multidimensional SDEs with discontinuous bounded drift that satisfies a one-sided Lipschitz condition and with Hölder continuous, bounded, and uniformly non-degenerate diffusion coefficient. In \[[@CR19]\] they extend this result to cases where the drift is not necessarily one-sided Lipschitz for one-dimensional SDEs, and in \[[@CR20]\] they extend the result for one-dimensional SDEs by allowing for discontinuities also in the diffusion coefficient. For many applications, their results fail to be applicable, since they only hold for one-dimensional SDEs and their method of proof relies on uniform non-degeneracy of the diffusion coefficient.

Contrasting the above, there are several delimiting results which state that even equations with infinitely often differentiable coefficients cannot always be solved approximately in finite time, even if the Euler--Maruyama method converges, cf. Hairer et al. \[[@CR6]\], Jentzen et al. \[[@CR10]\], Müller-Gronbah and Yaroslavtseva \[[@CR18]\], Yaroslavtseva \[[@CR28]\]. However, there is still a big gap between the assumptions on the coefficients under which convergence with strong convergence rate has been proven and the properties of the coefficients of the equation presented in \[[@CR6]\].

In this paper we prove strong convergence of order $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon >0$$\end{document}$ of the Euler--Maruyama method for multidimensional SDEs with discontinuous drift satisfying a piecewise Lipschitz condition and with a degenerate diffusion coefficient. Note that we do not impose a one-sided Lipschitz condition on the drift. So even for SDEs with non-degenerate diffusion coefficient, which do not have a one-sided Lipschitz drift, this result is novel.

Our convergence proof is based on estimating the difference between the Euler--Maruyama scheme and the scheme presented in \[[@CR15]\]. Close to the set of discontinuities of the drift, we have no tight estimate of this difference, so we need to study the occupation time of an Itô process with degenerate diffusion coefficient there. Away from the set of discontinuities, it is essential to estimate the probability that during one step the distance between the interpolation of the Euler--Maruyama method and the previous Euler--Maruyama step becomes greater than some threshold.

This paper's result is the first one that gives strong convergence and also a strong convergence rate of a fully explicit scheme for multidimensional SDEs with discontinuous drift and degenerate diffusion coefficient, and the first one for multidimensional SDEs with discontinuous drift that does not satisfy a one-sided Lipschitz condition.

Preliminaries {#Sec2}
=============

In this section we first state the assumptions on the coefficients of SDE ([1](#Equ1){ref-type=""}), under which the result of this paper is proven, then we study the occupation time of an Itô process close to a hypersurface, and finally we recall the transformation from \[[@CR15]\], which is also essential for our proof.

Definitions and assumptions {#Sec3}
---------------------------

We want to prove strong convergence of the Euler--Maruyama method for SDEs with discontinuous drift coefficient. Instead of the usual requirement of Lipschitz continuity we only assume that the drift is a piecewise Lipschitz function on the $\documentclass[12pt]{minimal}
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### Definition 2.1 {#FPar1}
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                \begin{document}$$\begin{aligned} \rho (x,y):= & {} \inf \{\ell (\gamma ):\gamma :[0,1]\longrightarrow A \text { is a continuous curve satisfying } \gamma (0)\\= & {} x,\, \gamma (1)=y\}\,, \end{aligned}$$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$$f:A\longrightarrow {\mathbb {R}}^m$$\end{document}$ be a function. We say that *f* is *intrinsic Lipschitz*, if it is Lipschitz w.r.t. the intrinsic metric on *A*, i.e. if there exists a constant *L* such that $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \forall x,y\in A: \Vert f(x)-f(y)\Vert \le L \rho (x,y)\,. \end{aligned}$$\end{document}$$

The prototypical examples for intrinsic Lipschitz function are given, like in the one-dimensional case, by differentiable functions with bounded derivative.

### Lemma 2.2 {#FPar2}
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### Definition 2.3 {#FPar3}
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                \begin{document}$$L_f$$\end{document}$ denotes the piecewise Lipschitz constant of a function *f*, if *f* is piecewise Lipschitz, and it denotes the Lipschitz constant, if *f* is Lipschitz.
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We recall a definition from differential geometry.

### Definition 2.4 {#FPar4}
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Now, we give assumptions which are sufficient for the results in \[[@CR15]\] to hold and which we need to prove the main result here.
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### Theorem 2.5 {#FPar6}

(\[[@CR15], Theorem 3.21\]) Let Assumption [2.1](#FPar5){ref-type="sec"} hold. Then SDE ([1](#Equ1){ref-type=""}) has a unique strong solution.
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### Example 2.6 {#FPar7}
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In Sect. [4](#Sec7){ref-type="sec"} we present a number of concrete examples which satisfy Assumption [2.1](#FPar5){ref-type="sec"} and we perform numerical tests on the associated SDEs.

Occupation time close to a hypersurface {#Sec4}
---------------------------------------
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### Theorem 2.7 {#FPar8}
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We will need the following estimate on the local time of a one-dimensional Itô process.

### Lemma 2.10 {#FPar13}
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The claim is a special case of \[[@CR19], Lemma 3.2\]. We give a proof for the convenience of the reader.

### Proof {#FPar14}
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We are ready to prove the result of this section.

### Proof of Theorem 2.7 {#FPar15}
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The transformation {#Sec5}
------------------

The proof of convergence is based on a transformation that removes the discontinuity from the drift and makes the drift Lipschitz while preserving the Lipschitz property of the diffusion coefficient. A suitable transform is presented in \[[@CR15]\]. We recall it here.
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If *c* is chosen sufficiently small, see \[[@CR15], Lemma 3.18\], *G* is invertible by \[[@CR15], Theorem 3.14\]. Furthermore, Itô's formula holds for *G* and $\documentclass[12pt]{minimal}
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Main result {#Sec6}
===========

We are ready to formulate the main result.
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In preparation of the proof of the main result, we prove two lemmas.

Lemma 3.2 {#FPar17}
---------
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Now, we are ready to prove our main result.
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Examples {#Sec7}
========

We ran simulations for several examples---ones of theoretical interest as well as an example coming from applications.

When studying stochastic dynamical systems which include a noisy signal, then filtering this signal leads to a higher dimensional system with a degenerate diffusion coefficient. Stochastic control problems often lead to an optimal control policy which makes the drift of the system discontinuous. Examples are models with incomplete market information in mathematical finance where the rate with which cashflows are paid from a firm value process change systematically when the asset-liability ratio passes a certain threshold which then triggers a rating change.

The class of equations studied here appears frequently in several areas of applied mathematics and the natural sciences.

Step-function {#Sec8}
-------------

In the first example the drift is the step function $\documentclass[12pt]{minimal}
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Discontinuity along the unit circle {#Sec9}
-----------------------------------

In this example the drift has a discontinuity along the unit circle, and the diffusion coefficient is degenerate on the whole of $\documentclass[12pt]{minimal}
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Dividend maximization under incomplete information {#Sec10}
--------------------------------------------------

In insurance mathematics, a well-studied problem is the maximization of the expected discounted future dividend payments until the time of ruin of an insurance company, a value which serves as a risk measure. In \[[@CR24]\] the problem is studied in a setup that allows for incomplete information about the market. This leads to a joint filtering and stochastic optimal control problem, and after solving the filtering problem, the driving dynamics are high dimensional and have a degenerate diffusion coefficient. This issue is described in more detail in \[[@CR24]\]. Solving the stochastic optimal control problem in dimensions higher than three with the usual technique (solving an associated partial differential equation) becomes practically infeasible. Therefore, one has to resort to simulation. The SDE that has to be simulated has the coefficients$$\documentclass[12pt]{minimal}
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We need to check Assumption [2.1](#FPar5){ref-type="sec"}: Since $\documentclass[12pt]{minimal}
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Error estimate {#Sec11}
--------------
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Even though the proven rate for the Euler--Maruyama method is lower than for the transformation-based method from \[[@CR15]\], the calculations are usually faster in practice using the first method, since the simulation of a single path is faster. Table [1](#Tab1){ref-type="table"} confirms this claim: we observe that computation times are higher by up to two orders of magnitude for the transformation method, while the estimated error is of comparable size.Table 1Runtimes in seconds using sequential computation and estimated errors for the Euler--Maruyama method (EM) and the transformation method (GM) with 512 time-steps and 1024 pathsComputation timeEstimated errorEMGMEMGMStep function10.8486.920.13240.3362Unit circle14.395267.370.01950.0323Dividends 5D45.527398.970.00260.0032
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Conclusion {#Sec12}
==========

In this paper we have for the first time proven strong convergence and also a positive strong convergence rate for an explicit method (the Euler--Maruyama method) for multidimensional SDEs with discontinuous drift that has a degenerate diffusion coefficient, or with a discontinuous drift that does not satisfy a one-sided Lipschitz condition, or both. The Euler--Maruyama method has the advantage that it does not need the exact form of the set of discontinuities of the drift as an input, and that in practice, computation of one path is fast in comparison to the second method in the literature that can deal with this class of SDEs. Our numerical experiments suggest that in addition to these advantages, it even seems that the Euler--Maruyama method converges at a higher than the theoretically obtained rate for many examples and it will be a topic of future research to prove sharpness, or find a sharp bound.
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